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An Approximate Formula for Calculat-
ing Z, of a Symmetric Strip Line

The equations available to determine the
characteristic impedance of a symmetric strip
line (Fig. 1) to high accuracy are difficult to
utilize without a computer [1],[2]. Other
less accurate equations which are easier to
apply have been developed, and the one most
frequently quoted has been given by Cohn [3]:

94.15/+/ &

T e
where
Co=1 —2T/D1n 1 —1T/D +1]
-5
In [Tfi“lf/ﬁ)'z‘ - 1]. @

Equation (1) was stated by Cohn to be
applicable over the range W/(D—T7)>0.35
and 7/D<0.25, with a maximum error of
approximately 1 percent at the lower limit of
W/D. Good agreement between computed
and measured values of Z, has also been ob-
tained for values of W/D and T/D outside
Cohn’s stated limits [4].

Chen [5] has supplied another equation
to determine Z, for a symmetric strip line:

94.15// &

2o = [W/(D — T) + Cufx @)
where
2D — T
Co=pz Tln[
T@2D — T)
+1n [(D s @

Although not immediately obvious, and
apparently not realized by some [4], (2)
and (4) are identical. By substituting x=1
/A-T/D),
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Co=2cln(w+1) — @—1)In @ — 1)
—In Eﬂtﬂ]

(Z — 1)z~1
From (4),
~ 2—T/D
Co = 1—T/D1n|: T/D :I
(T/Dy2—T/D)
+ln [ (1 = T/Dy

Now T/D=1—1/x and 2—T/D=1+4+1/x.

[1 +1/z
=zln »——]
1—1/z
+In [(1 — 1/2)(1 + 1/2)2?]
(x + 1)”“]
=In|——F"—

(x — 1)=t
Hence, Co=C, and (1)+(4) can be combined
together in the following expression:

94.15

Zo= W 1 @+
\/e,[ﬁ.ﬁ;ln;mﬂ

6))

However, (5) is not a particularly easy
one to handle, and a simpler although less
comprehensive one has been developed, ac-
curate to better than 1.2 percent of (5) for
W/D>1.0, and to within 5 percent for
W/D2>0.75, providing that in both cases
T/DZ0.2. It is

z=Jem ().

Equation (6) can be obtained by consider-
ing the “average” length of the lines of
magnetic field intensity surrounding the
central conductor of a strip line. The char-
acteristic impedance of a uniform transmis-
sion line operating in the transverse electro-
magnetic (TEM) mode can be determined by
first calculating the inductance per unit length
of the line L then applying the equation

(6)

Zy = ¢i'L )
where ¢’ is the velocity of a TEM wave in an
infinite medium of dielectric, relative permit-
tivity €.
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The inductance per unit length is given by

L—(b 8
= ®

where
d = f B-dA (Gaussian Law) (9)
A
and

I = ¢ H-ds (Ampere’s Law). (10)

Consider now a closed loop of a typical
line of magnetic field around the center con-
ductor of a slab line (Fig. 2). If such a loop
is approximated by a rectangular one of
about the same length, 2W+-27+4y, the
magnetic field intensity A at distance y from
the center conductor can be calculated from
(10) and is found to be

| S S
oW + 2T + 4y

Substituting for the magnetic flux density,
B(=pH) in (9), changing the variable of
integration from A4 to y with d4 =Idy, putting
in appropriate limits of integration and re-
arranging terms,

(1

P (D-T) /2 wdy
—=L= f — (12
n 0 2W + 27 + 4y (12)
from which it readily follows that
I W 4+ D
L=fn[ 0]
s lw 7 (13)

Substituting for L in (7), putting in the
values for ¢’ and g, (6) is obtained.

A graphical comparison of (5) and (6) is
shown in Fig. 3 where the fractional error in
characteristic impedance is plotted as a func-
tion of W/D for T/D=0.1. For W/D<1.0
the error in calculating Z, using (6) becomes
increasingly greater than 1 percent. How-
ever, its range of application can be extended
by considering a longer line of magnetic
field, of length 2KW+2T+4y, where K>1
and is a function of W/D. Equation (6)
modifies to

_30r (KW + D
Ve \KW+T

By using (5) and (14), values of K as a
function of W/ D have been found and plotted
graphically (Fig. 4), which allow (14) to be
used to determine Z, to within 0.7 percent of
Cohn’s value, for W/D>0.30, and 7/D
<0.10. For T/D <0.20, Z, can be determined
to within about 5 percent using (14) for
W/D>0.30.

Finally, for the special case of zero strip
thickness (7/D =0), (5) simplifies to the well-
known expression

Zo ). a9

94.15/v/ e
Zy = — NV
0 w +1n 4 (15)
D =

Similarly, (6) reduces to

30w D
Zy =21 [1 —]
0 N n + W
which is accurate to within almost 1 percent
of (15) for W/D>0.75.

(16)
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An Improved Method for Measuring
Scattering Parameters of Non-
reciprocal Two-Ports

Usual methods for measuring the char-
acteristic parameters of reciprocal structures
fail when applied to nonreciprocal structures.
Methods which rest on the use of the input
impedance formula

(Z11Z 29 — Z19Z 21) + Z11Zous
Z22 + Zout

or, of the input reflection coefficient relation-
ship

Zm =

Km = Sl] -

allow determination of the products Z1.Zy or
S12Se1, but are unable to separate the indi-
vidual factors. Another difficulty arises when
one considers that practical magnitudes of
the scattering parameters often lie very close
to zero or unity (e.g., for isolators or for
phase shifters). The method which we pro-
pose allows accurate determination of both
magnitude and phase of thes cattering param-
eters. The procedure gives good results for
arbitrary values of the parameters, and is an
extension of a procedure suggested by Mac-
pherson [1] and Pippin 2], and adapted by
Altschuler [3].

Consider a nonreciprocal two-port with
reference planes 1 and 2 (Fig. 1). Then,

b = Suar + 812 (1
by = Suar + Sseaa. (2)

Let us assume that |a;| = |a:| and ai/a.=¢jo.
The reflection coefficient at the reference

Manuscript received July 21, 1966; revised Septem-
ber 26, 1966.

131

NON REC

TWO -PORT

X d
0

2 1

Fig. 1. Nonreciprocal two-port with its reference

indications.

plane 2, K, then takes the value, from (2),

b .
Kz = hdd = Sz +Sz1e’0. (3)

Qg
By means of a calibrated phase shifter at one
side of the two-port, # can be adjusted to take
the values 0 or «. This yields

(K)o = S22 +8u (Pippin) €
(K2)1r = 8 — Sa1. (5)
From (4) and (5) S» and S» can be readily
computed, but with the poor accuracy at-
tached to a one point method. Altschuler im-
proved the situation by remarking that, when
# varies from 0 to 2 =, K, describes a circle
in the complex plane. The center of the circle
corresponds to S» and the radius to [Sx].
The use of a large number of points now al-
lows averaging of the experimental errors.
With practical structures, however, this
method still is not satisfactory. If Se; and Sx
differ too much, for example, it is impossible
to locate the center of the circle with accuracy.
Furthermore, high VSWR must be measured,
which is both difficult and inaccurate. If Sy
and S», are both very close to zero, very low
VSWR must be measured, and the precision
drops again because of the mismatch errors.
Accurate phase determination is still difficult
because it depends on a one point measure-
ment. To improve the method, let us consider
the equation
Ky = S+ Sn ®

2

which can be rewritten as

Ky =822+ Sn

gl larg ax—arg ay’ | (7)

@1
224

The radius of the circle is now [Sxu|-|@
/az|. If we succeed in adjusting |ai/a.| to any
desired value, the original circle of Altschuler
will be compressed or expanded and the
measurements become both easy and accu-
rate. Besides, really accurate measurements
can be performed by utilizing several values
of {a/a], ie., by plotting several circles in
the complex plane. From each circle, a value
| S| can be obtained and the various values
can be averaged. This procedure smooths out
the errors of the attenuators. Points with
constant phase ¢ must lie on straight lines
through the common center of the circles.
Phase determination, therefore, becomes ac-
curate too (Fig. 2). The practical set-up is
shown in Fig. 3. The matched pads consist
of an isolator matched with an E-H tuner to
avoid multiple reflections. The measurements
proceed as follows:

1) The structure under test is replaced by
a piece of waveguide with the same



